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Effective Rate Models for Receptors Distributed in a Layer above a
Surface: Application to Cells and Biacore
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ABSTRACT In the Biacore biosensor, a widely used tool for studying the kinetics of ligand/receptor binding, receptors are
commonly localized to the sensor surface through attachment to polymers that extend from the surface to form a layer. The
importance of the polymeric layer in analyzing data is controversial. The question of the effect of a binding layer also arises
in the case of ligands interacting with binding sites distributed in the extracellular matrix of cells. To identify and quantify the
effects of a binding layer on the estimation of association and dissociation rate constants, we derived effective rate
coefficients. The expressions show that rate constants determined under the standard assumption that binding takes place
on a two-dimensional surface underestimate the true reaction rate constants by a factor that depends on the ratio of the
height of the layer to the mean free path of the ligand within the layer. We show that, for typical biological ligands, receptors,
cells, and Biacore conditions, the binding layer will affect the interpretation of data only if transport of the ligand in the layer
is slowed substantially—by one or two orders of magnitude—relative to transport outside the layer. From existing experi-
ments and theory, it is not clear which Biacore experiments, if any, have transport within the dextran layer reduced to such
an extent. We propose a method, based on the effective rate coefficients we have derived, for the experimental determination

of ligand diffusion coefficients in a polymeric matrix.

INTRODUCTION

In analyzing the binding of ligands in solution to receptors
on the surface of a cell or biosensor, it is common to model
the receptors as fixed or diffusing particles on a two-dimen-
sional (2D) surface. In many experimental systems, how-
ever, receptors are distributed in a layer above a surface. In
the case of cells, specific ligands bind to sites within the
extracellular matrix (glycocalyx). In the Biacore (Biacore
AB, Uppsala, Sweden) an optical biosensor used widely for
quantitative analysis of interactions between biomolecules,
receptors are often attached to polymers that form a layer on
a sensor chip (Rich and Myszka, 2000).

The extent to which a binding layer affects the interpre-
tation of Biacore data has been investigated experimentally
(Karlsson and Félt, 1997; Parsons and Stockley, 1997),
numerically (Schuck, 1996), and analytically (Edwards,
2001). The results we present here facilitate the analysis of
Biacore experiments, resolve an apparent contradiction be-
tween earlier numerical predictions and experimental re-
sults, and provide tools for assessing and including the
effect of a binding layer when ligands bind to sites on
spherical cells or beads.

Our approach is based on effective rate models (reviewed
in Goldstein et al., 1999). When ligands in solution bind to
receptors on a surface, whether or not the receptors are
distributed in a three-dimensional (3D) layer, a complete
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model for binding and dissociation includes transport of the
ligand to the surface and reaction at the surface. However,
the resulting partial differential equation (PDE) models,
including diffusion and possibly convection of the ligand,
are impractical as the basis for extracting reaction rate
constants from binding data. Approximate models, consist-
ing of an ordinary differential equation (ODE) with effec-
tive rate coefficients that are explicit functions of both the
transport and reaction parameters, provide the basis for
simple and accurate estimation of reaction rates, under a
wide range of experimental conditions (e.g., Goldstein and
Dembo, 1995; Myszka et al., 1998; Mason et al., 1999; Ed-
wards et al., 1999). Here we derive effective rate coefficients
for ligands binding to receptors distributed in a layer above the
surface of a spherical cell or the sensor surface of a Biacore.

Effective rate coefficients for binding and dissociation
within a layer modify, in a simple way, the analogous
expressions for the case where binding occurs on an impen-
etrable surface. The modification is that the intrinsic reac-
tion parameters, i.e., the association and dissociation rate
constants, are reduced by a factor that depends on the
thickness of the layer and the mean free path of the ligand
in the layer (roughly, the distance a ligand travels within the
layer before it binds to a receptor). If the mean free path is
large relative to the height of the binding layer, then the
layer can be modeled as a 2D surface. This makes sense
because, in this limit, concentrations of free and bound
ligand are essentially uniform in the layer. The 3D structure
of the binding layer would only be important if, in the
course of an experiment, gradients developed in the ligand
concentration in the layer, for example, if binding occurred
to a significantly greater extent at the top than at the bottom
of the layer.
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The main conclusion for the Biacore is that, for typical
ligands and experimental design, effective rate coefficients
derived from a model where receptors are distributed in the
dextran layer are very close to those derived under the
assumption that binding takes place on an impenetrable 2D
surface. The dextran layer affects the interpretation of bind-
ing data only if diffusion of the ligand within the layer is
much slower than the diffusion of a typical biological mol-
ecule in the aqueous medium outside the layer (where the
diffusion coefficient is expected to be between 107 and
107 cm?/s). This result is consistent with simulations by
Schuck (1996), who used a diffusion coefficient of 108
cm?/s for a ligand inside the dextran layer and predicted
gradients in the concentrations of free and bound ligand
within the layer. If such gradients are pronounced, they may
lead to misinterpretation of binding data. However, our
result is also consistent with Biacore experiments of Karls-
son and Filt (1997) and Parsons and Stockley (1997). Both
groups did not detect differences in binding or dissociation
between sensor chips with receptors distributed in a dextran
layer and chips with receptors bound directly to the
surface. Karlsson and Félt argued that parameter values
used in the Schuck calculations were not characteristic of
Biacore conditions.

RESULTS

General form of effective rate coefficients for
binding in a layer

The role of effective rate coefficients is to provide a good
approximate description of ligand/receptor binding kinetics
at a surface, using an ODE of the form,

B | .
4 = KRCr — kB, (M
where B and R are concentrations of bound and free recep-
tors on the surface, Cy is the bulk concentration of ligand far
from the surface, £ is the effective forward (association)
rate coefficient, and £j is the effective reverse (dissociation)
rate coefficient. The concentrations of bound and free re-
ceptors, B and R, satisfy the conservation law R + B = Ry,
where Ry is the total surface concentration of receptors,
assumed to be constant for the period of the experiment
being modeled. Typical units for the concentrations of re-
actants are cm > or nM for the ligand and cm™? or nM-cm
for receptors. The formulation in Eq. 1 is for monovalent
receptors and ligands.

If transport of the ligand is rapid relative to the reaction
at the surface, the system is in the “reaction limit,” and Eq.
1 holds with the effective rate coefficients equal to the
intrinsic association and dissociation rate constants, denoted
by k, and kg. In general, effective rate coefficients are not
constants; they depend on R (equivalently, on B).
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FIGURE 1 Graph of the thickness factor 7(-y) = tanh(y)/7y that reduces
effective rate coefficients when ligand/receptor binding takes place in a 3D
layer rather than on a 2D surface. When vy (Eq. 5b) is small, which occurs
when the layer is thin relative to the mean free path of the ligand in the
layer, then 7(y) =~ 1 and the layer has a negligible effect on binding.

For experiments where ligands bind to receptors distrib-
uted in a polymeric layer attached to the surface of a
spherical cell or the sensor surface of a Biacore flow cell,
we derive effective rate coefficients of the form

P T(y)k,
1+ T(y)k,RAIk,®
. T(y)kq
W= T Ty kRATK, @

which differ from those derived previously for binding to a
2D surface only in the “thickness factor” 7(vy), defined
below, that multiplies the intrinsic rate constants k, and k.
The components of Eq. 2 are defined in the next section,
where we summarize the PDE model that underlies the
derivations. In brief, R is the effective surface concentration
of free receptors if receptors are considered to be confined
to a surface of area 4, and, therefore, RA4 is the total number
of receptors in the layer; k. is the transport-limited forward
rate constant, i.e., the rate constant for binding to the sur-
face, as the receptor concentration tends to o and the surface
becomes a perfect absorber; vy is the ratio of the height of the
layer to the mean free path of the ligand in the layer, when
the surface concentration of free receptors is R; and

T(y) = tanh(y)/7y. (3)

The graph of T is shown in Fig. 1. In the limit of small v,
or equivalently, when the binding layer is thin relative to the
mean free path of the ligand, 7(y) ~ 1 and the effective rate
coefficients approach the form expected when binding takes
place on an impenetrable surface. In this case, the layer can
be ignored, and binding can be modeled as occurring on a
surface. When y = 1, T(y) acts on the intrinsic reaction
rates k, and k, as a reduction factor. In this case, if the
effective rate model without the correction for the layer is
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FIGURE 2 Diagrams of (a) a spherical cell and (b) the flow chamber of
a Biacore biosensor, each with receptors distributed in a polymeric layer of
height d.

used to analyze binding data, the intrinsic rate constants will
be underestimated by the factor 7(y).

Overview of the PDE model for
ligand concentrations

Figure 2 sketches (@) a spherical cell with radius a and (b)
a cross section of a Biacore flow cell, with height 4 and
length /. In both cases, the height of the polymeric layer is
d. The diffusion coefficient for the ligand is D, in the layer
and D, outside. In the model for binding to a cell, transport
of the ligand to the cell is by diffusion alone. For the
Biacore, there is also convection, with maximum velocity
v.. In both cases, a partition coefficient ® gives the effective
fraction of the volume of the layer in which the ligand is
free to diffuse. If the pore size in the polymer matrix is
comparable to the size of the ligand, then the excluded
volume will be greater than the volume that the polymer
matrix occupies (Deen, 1987). We assume that receptors
and ligands bind monovalently with intrinsic forward and
reverse rate constants k, and k.

In the next section, we present methods for calculating
effective rate coefficients from the steady-state flux of li-
gands to receptors. In the model, a steady state is maintained
by, in effect, replenishing ligand and receptor. This is ac-
complished by holding the ligand concentration, Cy, con-
stant as the distance from the surface approaches o, and
holding the free receptor concentration in the layer, R>P,
constant and uniform. (Note that we are not assuming that
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the free receptor concentration remains constant over time.
Rather, we have a continuum of models, one for each free
receptor concentration R3P, that allows us to calculate ef-
fective rate coefficients for association and dissociation at
each R*P.) The uniformity assumption for free receptors is
a substantive simplification, as discussed further below.

For the rectangular geometry of the Biacore, the effective
surface concentration of free receptors satisfies

R = R*d. 4)

For a spherical cell, Eq. 4 holds approximately, in the limit
where the height of the layer is small relative to the radius
of the cell, i.e., d/la << 1. Also, the form of the function T
that gives the thickness factor 7(vy) in Eq. 2 has the simple
form given by Eq. 3 only when d/a << 1. A typical lym-
phocytic cell has radius @ ~ 5 X 10~ * cm. The extracellular
matrix has height d ~ 107° cm (Bongrand, 1988). There-
fore, at least for these cells, dla ~ 2 X 10> and it is
reasonable to use the approximations given by Eqgs. 3 and 4.
(The general forms of 7 and R for a sphere are given in the
Appendix, Egs. A6 and A7.)

For both the spherical cell and the Biacore, the mean
distance a ligand travels in the polymer layer before binding
occurs (i.e., the mean free path) is

¥ = \D.®/(k,R?) (5a)

at the start of a binding experiment when all receptors are
free and uniformly distributed in the layer (see Appendix).
When Eq. 4 holds, in particular for the Biacore and many
cell types, the mean free path can be expressed in terms of
the effective surface concentration of free receptors as x =
V ®D,d/(k,R). Then vy, the ratio of the height d of the layer
to the mean free path of the ligand in the layer is

 knRd
Y= \ob,-

(5b)

Consideration of the mean free path clarifies the effect of
the model assumption that free receptors are distributed
uniformly. In experiments, as ligands enter the layer and
bind to receptors, the concentration of free receptors is
depleted preferentially near the entrance to the layer. By
effectively redistributing free receptors in the series of mod-
els we consider, we provide additional opportunities for
binding near the entry boundary, shorten the mean free path,
and consequently exaggerate the effect of the layer.

Methods for obtaining effective rate coefficients
from steady-state profiles

The PDE models for the spherical cell and the Biacore flow
cell presented in the Appendix determine the steady-state
concentration of free ligand as a function of position, in the
layer (C;) and outside the layer (C,). There are two equiv-
alent ways to use the ligand concentration functions to
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calculate an effective association rate coefficient. Both
methods equate expressions for the total rate of binding
(number of receptors bound per cell per unit time), in the
effective rate ODE model and in the full PDE model. In the
effective rate model, receptors that are, in fact, distributed in
a layer (), of volume V, where the concentration of free
receptors is R°P, are taken to be confined to a surface with
area A. The effective surface concentration of free receptors
is R, where RA = R3PV. In terms of the effective association
rate coefficient & and bulk concentration of ligand, Cr, the
rate of binding to the surface is

KERCyA = KERCyV.

In the full model, the total rate of binding within the layer
can be expressed similarly, as

k,R3D
“q) f C dv,
QO

so that

kc—ka 1 Cid 6
ol ¢ V. (6)
QO

The expression for & can also be obtained from the total
flux of ligand at the boundary of the binding layer, which
can be expressed either in terms of C; or C, at the boundary.
For example, in the model for binding to a sphere of radius
a where the height of the layer is d, we can express C; and
C, in terms of a radial variable » and find £ from

ac,

° dr |r=a+d

¢,
KR CyV = AD, —

Y dr | r=a+d

(N

with V = %m((a + d)® — a®) and 4 = 4m(a + d)* In the
Biacore model, we express ligand concentrations in terms of
a height y, with y = d denoting the interface between the
dextran layer and the rest of the flow cell. There, V/4 = d
and

KR Crd = D,
a T i dy

g,

s Do oy (¥

y=d’

Once k; is obtained, the effective dissociation rate coef-
ficient, &5, is defined by k& = Kk, where K denotes the
equilibrium association constant, i.e., K = k,/k;. Then the
effective rate model (Eq. 1) has the correct behavior at long
times, as the system approaches equilibrium.

The results we obtain with these steady-state calculations
agree, in the special case where a comparison is available,
with an effective rate model derived by Edwards (2001, Eq.
66) from a time-dependent system of PDEs (see the discus-
sion of Eq. A40 in the Appendix).
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Effective rate coefficients for the case of a
spherical cell

To evaluate the effective rate coefficients (Eq. 2) for the
spherical cell, we use the diffusion-limited forward rate
constant for binding to a sphere of radius a + d, i.e., k, =
47D(a + d) (Smoluchowski, 1917), and the corresponding
surface area, 4 = 4m(a + d)>. Then,

ki D, 9

A a+d (Oa)
In the typical case where d/a << 1,

k./A = Dya. (9b)

In summary, an approximate model that can be used to
analyze binding and dissociation data from spherical cells is

(Eq. 1)

a5 _ 1) kRCy — kB 10
dr 1 —i—T(y)kaRa/Do( RCr = kiB),  (10)

where R = Ry — B.

Effective rate coefficients for the Biacore

For the Biacore flow cell, if the transport-limited forward
rate constant, k_, is expressed as a function of the distance
x from the inlet of the flow cell, then (Lok et al., 1983)

ki kix) 1 4v.D? \'"
A A T \9h —d)x

(11a)

If the transport-limited forward rate constant is averaged
over the full length of the flow cell, then

ke (k)1 ( 3vD; )

(11b)

A A4 T \20h—ad)l

Egs. 11a, 11b, or the intermediate form obtained by aver-
aging over a portion of the flow cell are substituted into Eq.
2 to give effective rate coefficients.

In the Appendix, we consider two limits in which mod-
ified expressions for effective rate coefficients (Eqs. A36,
A37, A40, A41) give marginally more accurate approxima-
tions than Eq. 2, relative to exact expressions obtained from
flux calculations. However, the approximations in Eq. 2
differ by no more than 2% from the exact expressions (see
Eqgs. A32 and A39) for all sets of parameters and experi-
mental conditions.

Under what conditions can the layer
be neglected?

The effective rate coefficients (Eq. 2) reduce to the form
obtained by treating the layer as a 2D surface when 7(vy) ~
1, or equivalently, when y << 1. Because y (Eq. 5b) is
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FIGURE 3 Contour curves for the ratio p (Eq. 13) of the effective
association rate coefficients calculated with and without accounting for the
binding layer. The effective rate coefficients are given by Eq. 2. The
thickness factor 7(y) corrects for the binding layer. When the binding layer
is replaced by a 2D surface, 7(y) = 1. The ratio is considered as a function
of y = Vk,Rd/(®PD,) and ¢ = ®D,A/(dk. ). The contours show pairs of vy,
& values for which the ratio of effective rate coefficients is 0.95, 0.9, 0.8,
0.7, or 0.6, corresponding to maximum percentage differences from 5% to
40%.

largest at the start of a binding experiment, when all recep-
tors are free (i.e., R = Ry), a sufficient condition for mod-
eling the layer as a 2D surface is

k. Rd

< 1. (12)

That is, we can neglect the layer if the mean free path of the
ligand in the layer, when most receptors are free, is long
relative to the height of the layer.

There is an additional situation where the thickness factor
T is not important in predicting binding or in fitting kinetic
data, even though 7" < 1. In the transport limit, i.e., when
T(y)k,RA/k, is large (>>1), the dependence of &, on 7 is
negligible, because k; ~ k,/(RA).

To determine conditions under which the correction for
the binding layer changes effective rate coefficients by more
than a specified amount, we considered the ratio p of
effective rate coefficients with and without 7(y) (i.e., using
T(ry) = 1 for the case where the layer is ignored),

_ T/ + T(y)k,RAIK)
P= " U( + k,RAIK,)

(13)

Eq. 13 shows that p can be written as a function of two
variables. We will find it useful to consider p as a function
of y and a quantity ¢ = ®D,A/(dk,) that depends on
geometric and transport-related parameters but does not
depend on k, and R. Figure 3 shows level curves of the ratio
of effective rate coefficients, p. The contour where p = 0.9
shows that, for effective rate coefficients with and without
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the correction for the layer to differ by more than 10%, we
must have both

_ JaRd 0 14
Y= \ab, > 0.5, (14a)
_ oA 14b

The second restriction is very stringent. In the case of a
spherical cell with d/a =~ 2 X 103, as estimated for typical
lymphocytes, we have k,/4 ~ D_/a (Eq. 9b) and therefore
we would need to have

®D, =4 X 107°D,, (15)

i.e., ®D; would have to be at least 250-fold lower than D,
for the extracellular matrix to make a difference of more
than 10% in the effective rate coefficients.

For the Biacore, in the case where k, = (k,) (Eq. 11b),
Eq. 14b becomes

®D, 3v.D> \"?
(16)

1 1
4 =T <2<h —d)l

If the layer does not retard diffusion significantly (i.e., if D;
~ D,) and does not reduce significantly the volume fraction
of the layer available for reaction (i.e., if @ ~ 1), then, from
Eq. 16, a necessary condition for the layer to make a
difference of 10% or more in the effective rate coefficients
is that the diffusion coefficient for the ligand outside the
layer, D, satisfy

b= 16.85v.d"*
= (h—d)l "

In the Biacore 2000 (Biacore AB), # = 0.005 cm and / =
0.24 cm. For the most commonly used sensor chip, CMS,
d = 107> cm (Karlsson et al., 1994). Based on these
parameters, and using a flow rate v, = 10 cm/s, common in
Biacore experiments, we find that we would need D, <
1.4 X 10~ ' cm?/s for Eq. 17 to hold. But typical diffusion
coefficients for the biological ligands of interest in Biacore
experiments are in the range 10~ — 10~ ° cm?/s. Therefore,
transport in the layer must be slowed significantly (D; <<
D,), or the available volume in the layer reduced signifi-
cantly (® << 1), for the binding layer to matter in data
analysis.

How much lower than D, does ®D; have to be for there
to be a 10% difference between effective rate coefficients in
models that treat the dextran layer explicitly and those that
assume that binding occurs on a surface? From Eq. 16,
using the same parameters as above, we find a necessary
condition to be

(17)

®D,=5%X 10 cm¥s if D,=10"°cm?s, (18a)

®D; =108 cm?¥/s if D,=10"cm?s. (18b)

Biophysical Journal 82(4) 1743-1755
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In the first case, transport has to be at least 20 times slower
in the layer than outside. In the second case, which would
correspond to very large asymmetric ligands (see Tanford,
1961, Table 21-1, p. 358), transport has to be slowed 10-
fold for the layer to matter.

Recently, the height of the flow chamber (%) has been
reduced to speed transport to the sensor surface (Rich and
Myszka, 2000). In the Biacore 3000 (Biacore AB), 7 = 2 X
10~ cm. This expands only slightly the range of parameter
values for which the layer is expected to produce observable
effects on the binding kinetics.

Proposal for quantifying ligand transport in a
dextran layer

Under what experimental conditions is transport in the
dextran layer reduced to the extent where we have con-
cluded that the layer must be taken into account to estimate
reaction rate constants accurately (Eqs. 14a and 14b)? Ex-
isting theory does not provide a reliable way to estimate the
quantity ®D; that characterizes transport in the dextran
layer (Yarmush et al., 1996). Here we propose a way to use
experiments like those of Karlsson and Falt (1997), com-
paring ligand-receptor binding kinetics on sensor chips with
and without a dextran layer, in conjunction with the effec-
tive rate coefficients we have derived, to estimate ®D; in
prototypic cases. The results can be used to test models for
transport of macromolecules in a polymeric matrix and to
provide reasonable estimates of ®D; for Biacore experi-
ments similar to the prototypes.

First, we consider the implications of our theory regard-
ing the experimental system investigated by Karlsson and
Falt (1997), where the layer did not make a measurable
difference. This means that at least one of the conditions for
the layer to matter (Eqgs. 14a and 14b) does not hold for this
system. For the parameters characterizing these experi-
ments, Eq. 14a turns out to be the more stringent condition.
The ligand is a 24-kDa antigen (p24) and the immobilized
receptor an anti-p24 antibody. The reaction is relatively
slow, with estimated binding rate constant k, = 2.2 X 10°
M~ 's™!. We estimate that the density of active, accessible
receptor binding sites, Rd in Eq. 14a, is equal to the maxi-
mal density of bound ligands, approximately 3.85 X 107>
M~ ! (calculated from the molecular weight of the ligand
and the maximal Biacore signal of approximately 100 RU in
these experiments). Then the condition given by Eq. 14a is
®D; < 3.4 X 102 cm?/s. That is, ®D; would have to be
300 times lower than the diffusion coefficient expected for
the ligand outside the layer, D, = 10~® cm?/s, for the layer
to alter effective rate coefficients by 10% or more. The fact
that the layer does not matter in the experiments of Karlsson
and Falt tells us that transport in the layer is not slowed
300-fold relative to transport outside the layer. For ligand/
receptor pairs that react with a faster forward rate constant,
we would not require such an extreme reduction of transport
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within the layer to see an effect of the layer. If k, = 10’
M~ 's™!, Eq. 14b (or equivalently Eq. 18a) is a more strin-
gent condition than Eq. 14a. In this case, we should see a
difference in binding to sensor surfaces with and without a
dextran layer if the layer reduces ligand transport 20-fold.
Despite this, Parsons and Stockley (1997) also found that
the presence of the dextran layer had no effect on the
binding of a small protein (=24 kDa) to DNA on sensor
chip surfaces with no dextran layer, a dextran layer of height
30 nm, or a layer of height 100 nm, even though k, = 3 X
10°M 's " and k, = 8 X 10° M~ 's™" for the two DNAs
studied.

Although the exception rather than the rule, we anticipate
that examples will be found where ligand-receptor binding
exhibits different kinetics for sensor chips with and without
dextran layers. In particular, in experiments with large li-
gands or where high receptor densities are desirable to
increase the Biacore signal, transport of the ligand in the
layer may be affected to the extent where we expect the
layer to make a difference. In such a case, an estimate of
®D; is needed for the accurate estimation of intrinsic bind-
ing and dissociation rate constants (see Egs. 2 and 5b). We
propose to obtain estimates for prototype systems where an
adequate signal can be measured using a nonlayered chip, so
that data can be obtained both in the presence and absence
of a dextran layer. From experiments using the nonlayered
chip, one would determine the binding and dissociation rate
constants, k, and kg, and the transport-limited forward rate
constant, k__, by performing a global fit of a series of kinetic
curves determined for different ligand concentrations
(Myszka, 1997; Myszka et al., 1997; Myszka and Morton,
1998). With these parameters known, the thickness factor 7
would be determined from the binding kinetics in the pres-
ence of a layer. From the value of 7(y), one obtains the
value of vy for the layer, and, from 7, the product ®D; (see
Egs. 3 and 5b). Estimates of ®D; from the prototype sys-
tems can be applied to systems with similar ligand size,
ligand geometry, receptor size, and receptor density, but
where, as is the common situation, the extent of ligand/
receptor binding at a receptor density achievable on a non-
layered chip gives too low a signal for reliable estimation of
binding parameters.

A possible complication to this approach arises because
the Biacore weights the mass of a bound ligand by a factor
that decays exponentially with the distance, y, the ligand is
from the sensor surface. Because the decay length of the
evanescent wave is 160 nm (Karlsson and Falt, 1997), a
bound ligand 100 nm (d for a CM5 chip) from the sensor
surface would give a signal only 0.65 that of a ligand bound
at the surface. If binding is uniform in the y direction
(T(ry) = 1) this has no effect on the interpretation of data.
However, when the binding is nonuniform and ligands bind
first to sites near the top of the layer and then, after these
sites are filled, to sites deeper into the layer, the amount
bound at the beginning of a binding experiment will be



Effective Rate Models for Binding Layer

°
=)

o
&)

©
IS

o
o

e
o

Fraction of Receptors Bound
o
w

o
o

200 400 600 800 1000 1200
Time (s)

FIGURE 4 Predictions of Biacore binding, based on an effective rate
model (Eq. 1), under different assumptions regarding the effective rate
coefficients k; and k3. Curve a is generated using intrinsic binding and
dissociation rate constants in Eq. 1 and therefore ignoring all transport
effects. Curves b, ¢, and d use effective association rate coefficients given
by Eq. 2, with transport-limited forward rate constant given by Eq. 11b. For
all three curves, the diffusion coefficient for the ligand outside the layer is
taken to be D, = 10~° cm?/s, but different assumptions are used regarding
transport in the dextran layer. For curve b, the dextran layer is ignored, i.e.,
binding occurs on a 2D surface (Eq. 2 with 7(y) = 1). If we use the
correction for the layer but assume that the dextran layer does not slow
diffusion or reduce the effective volume in which the ligand diffuses, i.e.,
if ®D; = D,, then the predicted binding curve is essentially identical to
curve b. In this case, the layer can be ignored. Curves ¢ and d show the
predicted binding if (¢) ®D; = 5 X 1073 cm?/s or (d) ®D; = 10~% cm?/s.
The other parameters used in the simulations are in the typical range for
experiments done on a Biacore 2000. The dimensions are standard for a
flow cell with a CMS5 chip (length / = 0.24 cm, height 7 = 0.005 cm,
height of layer d = 107> cm). We took the maximum flow rate v, = 10
cm/s, the intrinsic rate constants k, = 0.01 M~ 's ' and ky = 0.01 s !, and
concentrations of ligand and receptor C; = 1 nM, R = 1 nM cm.

underestimated compared with the amount bound later in
the experiment. As a result, under these conditions, the
binding kinetics as measured by Biacore may not reflect the
true binding kinetics. To get around this potential problem,
a chip with a shorter dextran layer could be used to deter-
mine ®D,. For example, in the experiments of Parsons and
Stockley (1997) a chip with d = 30 nm was used. A signal
from a bound ligand at the top of this layer is 0.88 that of a
ligand bound at the bottom.

Potential effects of slow transport of ligand in a
polymeric layer

Figure 4 compares predictions of the time course of binding
in a Biacore experiment, based on Eq. 1, under different
assumptions regarding ligand transport. The reaction pa-
rameters are the same for all simulations. For these param-
eters, half of the receptors are bound at equilibrium. To
compare any two predicted time courses quantitatively, we
express the largest absolute difference between fractions of
receptors bound as a percentage of 0.5, the maximum frac-
tion of receptors bound in all cases. Curve a is obtained by
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using the intrinsic rate constants k, and k4 instead of effec-
tive rate coefficients in Eq. 1, thereby ignoring transport
completely, inside and outside the layer. Curves b, ¢, and d,
generated using effective rate coefficients given by Egs. 2
and 11b, predict binding when the ligand’s diffusion coef-
ficient outside the layer is D, = 10~° cm?/s. The flow rate
and geometric parameters, given in the figure caption, are
the same for cases b, ¢, and d. Curve b is obtained by setting
T(y) = 1 in Eq. 2, thereby ignoring the layer and assuming
that receptors are on a 2D surface. Essentially the same
curve (with values differing by at most 0.3%) is obtained
using the correction for the layer but assuming ®D,, which
determines transport in the layer, is the same as D,. For
curve ¢, ®D; = 5 X 10~ ® cm?/s, 20-fold lower than D,,. The
maximum difference from the prediction when the binding
layer is ignored (or where ®D; = D,) is 5% in this case.
Curve d is generated using ®D; = 10~® cm?/s, a factor of
100 lower than D,. In this case, the maximum difference in
predicted binding from the case where the binding layer is
ignored is 16%.

The effective rate coefficients, with and without the cor-
rection for the layer, differ by 10% when ®D, = 5 X 10~ ®
ecm?/s = D,/20 (case ¢) and 25% when ®D; = 10~ % cm?/s
= D,/100 (case d). These differences are greater than the
corresponding differences in predicted binding (5% in case
¢ and 16% in case d). The thickness factor 7(7y) shows an
even greater effect of ignoring the correction for the dextran
layer in cases ¢ and d. The value is 7(y) = 0.63 for case ¢
and 7(y) = 0.32 for case d. Neglecting the layer would
result in significant underestimation of binding and disso-
ciation rate constants in these cases—an estimate of 0.63k,
in case ¢ or 0.32fk, in case d, instead of the true £,.

DISCUSSION

For a 3D binding layer above a surface to matter in the
estimation of reaction rate constants, we have shown that
the average distance the ligand travels in the layer before
binding occurs (i.e., the mean free path) must be comparable
to, or shorter than, the height of the layer. Association and
dissociation rate constants determined by methods that ig-
nore the binding layer underestimate the true rates by a
“thickness factor” 7 that depends on the ratio of the height
of the layer to the mean free path of the ligand. The layer
looks “thin” to the ligand if the mean free path is long
relative to the height of the layer. In this case, 7'~ 1. The
layer is “thick” if the ligand traverses only a small fraction
of the layer before binding to a receptor (7 << 1). In this
case, the layer may influence binding kinetics, and the
interpretation of binding data, significantly. However, even
under conditions where 7 << 1, if transport of the ligand
outside the layer is so slow relative to reaction that the
system is in the transport limit, the effective association
and dissociation rate coefficients become independent of
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the thickness factor 7, and of the intrinsic reaction rate
constants.

Therefore, for a reaction layer above a surface to influ-
ence binding kinetics observably, two conditions must be
met. Transport of the ligand outside the layer must be fast
enough relative to binding that the reaction is not transport
limited. Transport in the layer must be slow enough relative
to binding that gradients arise in the concentrations of free
and bound ligand.

One of the conditions imposes a relation between diffu-
sion coefficients for the ligand inside and outside the layer
(see Eq. 14b). We have shown that, when ligands bind to
sites in the glycocalyx of a spherical cell, diffusion of the
ligand must be two orders of magnitude slower inside the
glycocalyx than outside for the layer to affect the binding
kinetics. For the Biacore biosensor, transport must also be
substantially slower (at least an order of magnitude) inside
the dextran layer than outside, for the layer to matter.

Experiments comparing ligand-receptor binding on sen-
sor chips with and without dextran layers have failed to
detect differences in the kinetics of binding (Karlsson and
Falt, 1997; Parsons and Stockley, 1997). The experiments
suggest that, under typical Biacore conditions, diffusion of
the ligand in the layer is not so slow that the layer influences
kinetic data observably. However Schuck (1996) has argued
that there are plausible experimental conditions under which
transport in the dextran layer is slow enough to affect
Biacore data and data analysis. We have proposed a method
for estimating the effective diffusion coefficient of a ligand
in a dextran layer. Estimates from representative experi-
mental systems can be used to calculate the thickness factor
T in related systems, under conditions where the dextran
layer is expected to matter. In such cases, the thickness
factor is needed to estimate kinetic parameters accurately.
Estimates of effective diffusion coefficients for ligands in a
dextran layer can also be used to test models that predict
macromolecular transport in a polymeric matrix.

APPENDIX

Mean free path

To calculate the mean free path a ligand travels before it becomes bound,
we consider a one-dimensional steady-state problem where receptors are
uniformly distributed in a layer extending from x = 0 to x = . To clarify
what we mean by the mean free path, picture the presence of only a single
ligand whose path we follow when it moves from solution into the layer at
x = 0. We record the distance it travels until it becomes bound, repeat this
many times, and then calculate the average distance traveled. Equivalently,
instead of considering only one ligand, we can consider a solution of
ligands outside the layer where we hold the ligand concentration constant
at the surface of the layer and we hold the concentration of free receptors
constant. Because the free receptor concentration is constant, there is no
competition among ligands for receptor binding sites, and the ligands move
through the layer independently. Let C, be the constant ligand concentra-
tion at x = 0, the boundary of the layer. Inside the layer, the ligand diffuses
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and is bound irreversibly so that, in the steady state inside the layer, the
ligand concentration C; obeys the equation

0=D d*c;, k,R®
“Dige e &
The solution is
Ci = C067X/i,

where ¥ = V®D,/(k,R’"). Because P(x) = C,(x)/C, is the probability that
a ligand has not been bound between 0 and x, the mean free path (x) is

ocP(x)dx= )

0 0

e ¥ dx =x.

(x) =

Derivations: Spherical cell

Model for a spherical cell with receptors distributed in a
binding layer

The effective rate ODE model (Egs. 1 and 2) for ligands binding to
receptors distributed in a layer of height d above the surface of a spherical
cell of radius a (Fig. 2 a) is derived from the following PDE model. As
discussed in Results, calculation of effective rate coefficients comes from
the steady-state flux of ligands to receptors when the free receptor con-
centration in the layer is R*°. Additional parameters are defined in the
Results section. The steady-state concentration of free ligand, at a radial
distance r from the center of the cell, is denoted by C;(r) within the layer
(a <r <a+ d)and by C,(r) outside the layer (r > a + d). The PDEs,
boundary conditions, and continuity conditions that describe the system are:

D,V*C,=0 atd=r, (Ala)
: 3D

Divzci—“Tcizo a=r=a+d, (Alb)
C,— C; as r— o, (Alc)
ac _ 0 = Ald
Pl at r=a, ( )
C,=®C, at y=a+d, (Ale)
D dci _ D dC, =a+d (Al

i dr - o dr at y=a . ( f)

In imposing the reflecting boundary condition given by Eq. Ald, we
assume that the cell surface is impenetrable.

Derivation of ligand concentrations

For a radially symmetric function C(r) in spherical coordinates, the Lapla-

cian is given by
1d dc
27 2 _
Vc_rzdr<r dr)'

Then, solving Eq. Ala, subject to the boundary condition given by Eq. Alc,
gives the following form for the ligand concentration outside the layer:

a
CO=CT—7 atd=r. (A2)
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To solve Eq. Alb for the ligand concentration in the binding layer, it is
helpful to use the nondimensional variables and constants,

r i
- u=r—

c, (A3a)

S—d A3b
=- (A3b)

where R is the effective surface concentration of receptors, R = R*Pd, and
v is as defined previously in Eq. 5b. Then Eq. Alb can be written as

du

i (A4)

— Yu =0.

The solution to Eq. A4 has the form u(r) = a;e” + Bje . By the
reflecting boundary condition at the cell surface (Eq. Ald), B; =
a;e®”3(y — 8)/(y + 8). Then the dimensional concentration Cy(r) is

CTOZid

-0
C(r) = <ev(r/d) + <z/l+8) e(2v/8)—v(r/d)) . (A9)

The continuity conditions at the outer boundary of the layer (Eqs. Ale and
f) determine «;, which determines the ligand concentration C; in the layer
(Eq. A5), and «,, which determines the ligand concentration C, outside the
layer (Eq. A2).

Derivation of effective rate coefficients

Using Eq. 6 in Results to obtain 4; from the total rate of ligand binding
within the layer, or Eq. 7 to obtain £{ from the flux of ligands across the
boundary of the layer, we find that 5 has the form given by Eq. 2 with &, /4
given by Eq. 9a. The effective surface concentration R of free receptors at
the outer boundary of the layer is given by

3 Ysm((a + d)® — &®)RP
B 4m(a + d)?

L+ -
T 3(1 + 8)%

d, (A6)

and 7(vy) is replaced by a function of two variables

. R3Dd
I(y, 8) = (R)

Y 771_8 -

e‘(wa)e 5

e (] T
yler+ | ——=<le”

v+

(A7)

In the limit 8 << 1, R ~ R*®d and T(y, 8) ~ T(y) (Eq. 3). It is less obvious
from Eq. A7, but straightforward to show by expanding in powers of v,
that, for any 6 > 0, the second factor in Eq. A7 approaches 1 as y — 0.
Therefore, 7(y, 8) approaches R*°d/R as y — 0 and if both y and &
approach 0, 7(y, 6) — 1.
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Derivations: Biacore

Biacore model, with receptors distributed in a
dextran layer

In modeling flow and diffusion in a Biacore flow cell (Fig. 2 b), outside the
dextran layer, we start with the PDE used and justified in previous models
(Lok et al., 1983; Glaser, 1993; Yarmush et al., 1996; Christensen, 1997;
Myszka et al., 1998; Edwards et al., 1999; Edwards, 1999; Mason et al., 1999):

9*C, aC,

DOTyz—v(y) ox 0 d=y=h, (A8)

where £ is the height of the flow cell, d is the height of the dextran layer,
C,(x, y) is the concentration of free analyte outside the dextran layer, D, is
the diffusion coefficient of free analyte outside the layer, and v(y) is the
flow velocity at height y, d < y < h. Two implicit, and justifiable,
assumptions are that diffusion in the x direction is negligible relative to
flow, and variations along the width of the flow cell are negligible, so that
C, is only a function of distance x along the length / of the flow cell and
vertical distance y from the sensor surface (Mason et al., 1999).

Flow is laminar, with a parabolic velocity profile. In previous models,
where the binding layer is not considered and binding is assumed to occur
at the boundary y = 0, the velocity is given by v(y) = 4v (y/h)(1 — (v/h)),
where v, is the maximum velocity. The velocity is 0 at both boundaries
(i.e., at y = 0 and y = h). Then, because we are interested in the solution
of Eq. A8 near y = 0, where binding occurs, a linear approximation of the
velocity, v(y) = 4v (y/h), can be justified. The resulting linear model is the
basis for effective rate approximations. In modeling the layer explicitly, we
have to make a choice about how to treat flow at the boundary of the layer
and within the layer. The extreme cases are that flow is the same inside and
outside the dextran layer, and that there is no flow in the layer and the
velocity is 0 at the boundary of the layer. Experiments indicate that the
flow penetrates to some extent into the layer (Witz, 1999). We present the
model where there is no flow in the layer. This is a conservative choice, in
terms of determining conditions when the layer has a negligible effect on
binding kinetics, because the assumption of no flow in the layer exagger-
ates the effect of the layer. The model is:

b 9*C, y—d\ JaC, B N A9
° gy Vel =) ox = =sy=h, (A%a)
9’Cy  k,R® 4 (AGD
o . = =y =<
D| ay2 (I) Cl O O —y - > ( 9 )
C,=Cy at x=0, (A9c)
C,— Cr at y=h, as h—>%, (A9d)
. =0, (A9
ay - at y=29, ( e)
C,=dC, at y=d, (A9
aC; S oC, y A9

In terms of the nondimensional variables x = x/[ and y = y/h, and
constants 8 = d/h and A = hVk,R°/(®D;), the equations for the
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nondimensional ligand concentration in the layer, ¢; = C;/Cy, and the
boundary condition at the sensor surface, are (from Eqs. A9b and e):

N =0 0=y=5 A10

gy~ Ne=0 0=y= (A10a)

o A10b

F ( )
The solution has the form

ci(x, y) = a(x)(e™ + e™™). (A11)

The nondimensional ligand concentration outside the layer, ¢, = C,/Cy,
satisfies (from Eqs. A9a and c)

o’c, dc,
0y py =9 =0 d=y=1, (Al2a)
=1 at x=0, (Al2b)
where
o de? AL
R= 00— 8D, (A13)

Laplace transforms of ligand concentrations

To solve for ¢,, we take Laplace transforms with respect to x, denoting the
transform variable by s. From Eqs. A12a and b, the Laplace transform F(s)
of ¢, satisfies the equation

9%F,(s)

oy ply = 8)(sFo(s) —1) = 0. (Al4)

We convert Eq. A14 to a form with a known solution by defining
1
Gols) =, = Fols), (A15)

i.e., G, is the Laplace transform of 1 — ¢,, and introducing the variable

Y= (ns)"(y — 8) (A16)
so that Eq. A14 becomes
PGo(s)
T;z — $G,(s) = 0. (A17)

The general solution to Eq. A17 is a linear combination of Airy functions,
Ai and Bi (Abramowitz and Stegun, 1964, Section 10.4). Applying the
boundary condition at x = 0 (Eq. A12b) and requiring that the solution
remain finite as y — % (Eq. A9d), G, has the form G,(s) = ¢(s)Ai(y). Then
from Eq. AlS, the Laplace transform F, of ¢, has the form

1
Fi(s) = = d©)A((9)*y = 8). (A1)

To apply the continuity conditions (Egs. A9f and g), we also need the
Laplace transform of ¢;, Fi(s). From Eq. All, F; has the form
Fi(s) = b(s)(e + e ™). (A19)
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Then from Eqs. A9f and g

Fi(s) = OF,(s) at y =9, (A20a)
D; oF; _ oF, _ 5 A20b
D, dy (s) = 3y (s) at y=48  ( )

Application of Eqs. A20a and b determines the unknown functions b(s) and
q(s) in Egs. A18 and A19. In particular, to calculate an effective forward
rate coefficient, we need b(s),

()
b(s) = = -
(I))\ AS AS 1/3 Di s
S|:(e)\8_|_ e ) + (e ic D)()MS) Cy
2.
(A21)
where

C = AI(O) = W’ (A22a)
C, = —Ai,(()) = W (A22b)

Laplace transform of effective forward rate coefficient

Equating expressions for the rate of ligand/receptor binding in the layer and,
effectively, at the surface (Eq. 6), we find that the effective forward rate
coefficient can be expressed in terms of the nondimensional variables as

)

k,
K@ = g5 | vy dv (A23)

The Laplace transform of &5(x), with respect to x, is (by Eqs. A19 and A23)

kb(s) [°
LU = g

(e + e ™) dy
0

 b(s)
RGN

(e)\ﬁ _ e*)\S).

(A24)

Substituting for b(s) from Eq. A21, then substituting y (Eq. 5b) for the
product A8, and using the definition of 7 in Eq. 3, we obtain

T(y)k, ( 1 ) ’

1+ Bs '3

L{ki(x)} = (A25)

where

T( )k R -1/3 clh
B - V) Kalt L CzDo .
Using the definitions of w, ¢, and ¢, (Eqs. A13 and A22a and b)

L) (I(h — d)\'?
INED)! < 12ch3)

B = T(y)k.R (A26)
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Position-dependent effective forward rate coefficient
From Eq. A25,

BL{K()} _

Ltk + P LT

N

(A27)

The second term in Eq. A27 is B times the Laplace transform of the
convolution of the effective forward rate coefficient, k;(x), and the function
x~?/T'(15). Therefore, the effective forward rate coefficient satisfies the
integral equation

B X

ki(x) = ) k@) (x — u) 2" du = T(y)k,  (A28)

The integral equation (Eq. A28) defines kj(x) implicitly. We can obtain
an explicit expression for k3(x) in terms of convolution integrals by ex-
pressing the Laplace transform of k5(x) as a sum of three terms, each of
which is the product of two standard Laplace transforms. The following
alternative form of the Laplace transform in Eq. A25 provides the starting
point

vk, 1
L{ke( )} = lg 2)/3 (1 T (S1/3/B)> . (A29)
Note that
1 g3\ n
[+ ("8) E( (B)

k+(1/3)
- 3 0 )+ T e )

gk+@3)
+ E (— 1)+ ( B3k+2>

S - (1—Sln+sm> A30
e\ T ) B0

Then, from Egs. A29 and A30,
Lk} = (V)k (ﬁ,z L 1) C@3)

It follows that the effective forward rate coefficient k:(x) can be expressed
in terms of convolution integrals as

2 X
e _ —B3(x—u),,—1/3
k(x) = T(y)k, r'A) e u'? du
- F([f/) ) e Pmuy =28 qy + B
3
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Making the change of variable = w/x,
2..2/3 1
—33 3 —
K(x) = T(y)ke P* @A) P13 dy
BXI/S 1
“Ton) PP dr+ 1. (A32)
3

The integrals in Eq. A32 can be expressed in terms of Kummer functions
(Abramowitz and Stegun, 1964, Eq. 13.2.1) of the form

M(a,a+ 1,z)=a | e 'ds, (A33)
0
with z = B and @ = 5 or %. Then
- (BXM(%5, 5, Bx)
k(x) = T(y)k,e P>
0 = Tk (MO
Bx'"M(Vs, %5, Bx)
- +1]. (A34
(B (15) ( )

Equation A34 is convenient for obtaining the asymptotic behavior of k3(x)
from the asymptotic properties of Kummer functions (see the next section).
Eq. A32 is convenient for evaluating £5(x) numerically.

Asymptotic behavior: position-dependent case

Kummer functions of the special form in Eq. A33 have the following
asymptotic properties (Abramowitz and Stegun, 1964, Egs. 13.1.2 and
13.1.4)

Ma,a+1,z)=1+ Cfl as z—0, (A35a)
M(a, a + l,z)za?eZ as z—o. (A35b)
If z = B*x << 1, then from Eqs. A34 and A35a,
BxP(1 + (¥5) Bx)
e ~ _ 3
k() = Tk — Bx) ( T
B ()BY) N )
(3)I(¥5)
B B 1/3
=100k (1= 5m)
T(y)k,

T+ BT (%)
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In terms of the dimensional distance x and the position-dependent form of
the transport-limited forward rate constant given by Eq. 11a,

T(y)k,
1 + T(y)k,RA/(I'(5)(%5)k, (x))

B T(y)k,
"1+ T(9kRA(1.21k, (X))

ki(x) =

(A36)

If z = B >> 1, then Eqs. A34 and A35b yield
BZXZ/B 1
Ex) =Tk || =< | 55—
o= ook (52 ()

Bxl/3 1 .
_<N%)(FJ+BB]
B I'(35) ]
L(v5)Bx"?

_ T(y)k,
Bx'"T(¥5)[1 + T'(¥5)/(I'(V5)Bx'")]

T(y)k,
[(T(%5)*T(V5)] + T (35)Bx"?

_ Tk, {
BX1/3F(2/3)

In terms of the dimensional distance x,

T(y)k,

ky(x) = 0.68 + T(y)k,RA/k,(x)"

(A37)

Effective forward rate coefficient, averaged over position

In this section, we derive an effective forward rate coefficient (k), aver-
aged over the length of the Biacore, in terms of the average transport-
limited forward rate constant (k) (Eq. 11b). We will find (k) by finding
the Laplace transform of [§ AS(u) du, then inverting the transform and
evaluating the resulting function at x = 1. Using the form of the Laplace
transform of k3(x) given by Eq. A31,

L fx ki(u) du} = éL{kZ(x)}

0
T(yk (B B 1
SE s 5P ] (A%
ﬁler{cz(u) du
0
B2 X
= T(y)ke P> (%) f P’ du
0
— P Jx Py du + JX P du
4
I'(45) . .
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Evaluating the integrals at x = 1 and substituting Kummer functions,

[ B*M(%5, %5, B°)
e\ - = "7
(k) = T(y)k,e ( ()
_ BM(¥s, 7, B) e —1

@aT@) B

) . (A39)

Asymptotic behavior: position-averaged case

If z = B° << 1, then from Egs. A39 and A35a,
(k3 = T(V)k(1 = B°)

(Bz(l + (%)) B+ (¥1)B) N 1)
()L (¥5) (5)['(¥5)

_ B)
(45" (45)

_ T(y)k,
1+ B/(%)(45)

~ T (v)ka( 1

Substituting for B from Eq. A26 yields

T(y)k,
1+ T(y)kRANT ()L (73)(k )

3 T(y)k,
1+ T(y)k,RA/(1.07¢k.))

(k) =

(A40)

Equation A40 agrees, in the special case where the correspondence can be
made, with Eq. 66 in Edwards (2001). Expressing his results in terms of our
notation, he considered the limit where the Damkohler number, a ratio of
characteristic velocities, is small, i.e.,

B kR -
* [4v DY ((h = d)D]™”

D 1.

In this case, from Eqs. A26 and 11b, B << 1, so we are in the limit where
Eq. A40 holds. Edwards’ Eq. 66 is an ODE for bound ligand, with
coefticients expressed in terms of D, and another ratio of velocities, D. In
terms of y (Eq. 5b) D = y?/D,.

In deriving the limiting ODE, Edwards assumed implicitly that D is of
lower order than 1/D,, so that D,D << 1. In this limit, because y* = D,D
<< 1, our thickness factor 7(y) =~ | — D,D/3. For the case where the
binding signal is averaged over the full length of the sensor chip, Eq. A40
and Edwards’ Eq. 66 agree to first order in D,.

If z = B° >> 1, then from Egs. A39 and A35b,

2 o TR (32) (1)
< a>~ (7) a|: 1—1(5/3) B3
B\[1) 1—eF
_<r(4/3)) <B3)+ P ]

znwh[L_N%w
Bre) [ TP
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B T(y)k,
B ()1 + T(5)/(T(%5)p)]

T(y)k,
[(T()T(#)] + T(%)B

Substituting for B gives

. T(y)k,
) =091 + T(ykRIK,)

(A41)
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